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Abstract
In recent development of double field theory, as for the description of the massless sector of closed
strings, the spacetime dimension is formally doubled, i.e. from D to D+D, and the T-duality is re-
alized manifestly as a global O(D,D) rotation. In this paper, we conceive a differential geometry
characterized by a O(D,D) symmetric projection, as the underlying mathematical structure of double
field theory. We introduce a differential operator compatible with the projection, which, contracted
with the projection, can be covariantized and may replace the ordinary derivatives in the generalized
Lie derivative that generates the gauge symmetry of double field theory. We construct various gauge
covariant tensors which include a scalar and a tensor carrying two O(D,D) vector indices.
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1 Introduction
One of the characteristic features of string theory, in contrast to ordinary particle physics, is the existence
of T-duality. When closed strings wrap around a torus, they can acquire winding modes, w, in addition to
the momentum mode, p, such that their left and right moving modes have the expansion (see e.g. [1]):
X
µ
L(σ
+) = 12(x
µ + x˜µ) + 12(p
µ + wµ)σ+ + · · · ,
X
µ
R(σ
−) = 12(x
µ − x˜µ) + 12(pµ − wµ)σ− + · · · ,
(1.1)
where σ± = τ ±σ are the usual light-cone coordinates of the string worldsheet and the ellipses denote the
harmonic modes. As the left and right moving modes are independent (up to the level matching condition),
there are independent left and right center of mass positions, x ± x˜, and also momenta, p ± w. Under
T-duality, the left and right moving modes transform as [2],
X
µ
L +X
µ
R −→ XµL −XµR , (1.2)
such that the two pairs, (x, p) and (x˜, w), are exchanged by each other,
(x, x˜, p, w) −→ (x˜, x, w, p) . (1.3)
Namely, before T-duality, x˜ is absent and only x appears as the total center of mass position, yet after
T-duality we encounter the opposite situation. T-duality is an exact symmetry working not only on a flat
spacetime background for the string energy spectrum but also on a generic background for the full interac-
tion.
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The low energy effective action for the closed string massless sector is of the well-known form:
S =
∫
dxD
√−ge−2φ [Rg + 4(∂φ)2 − 112H2 ] , (1.4)
where gµν = gνµ is the D-dimensional spacetime metric with its scalar curvature, Rg; φ is the string
theory dilaton; and H is the three form field strength of a two form gauge field, Bµν = −Bνµ. An amazing
property of the action (1.4) which was first noted by Buscher [3–5] is that, it realizes the T-duality as
nonlinear symmetry transformations of the fields. If we introduce a 2D × 2D matrix with the indices of
the doubled spacetime, A,B = 1, 2, · · · , 2D,
HAB =
 gµν −gµκBκσ
Bρκg
κν gρσ −BρκgκλBλσ
 , (1.5)
the T-duality transformation rule can be summarized in a compact manner [6–10]:
H −→ T HT , φ −→ φ− 12 ln det(g +B) , (1.6)
where T is a 2D × 2D constant matrix given by
T :=
 0 1
1 0
 . (1.7)
This matrix also serves the O(D,D) invariant metric which we denote separately by ηAB,
η :=
 0 1
1 0
 . (1.8)
Since T tηT = η, the T-duality matrix (1.7) is identified as a O(D,D) rotation.
A recent remarkable advance on T-duality was made by Hohm, Hull and Zwiebach in Ref. [11], based on
their earlier works [12–14]. They called HAB (1.5) “generalized metric” and constructed a double field
theory action for it, on the doubled spacetime having coordinates, yA = (xµ, x˜ν),
SDFT =
∫
dy2D e−2dR(H, d) . (1.9)
With a double field theory ‘dilaton’, d,
e−2d =
√−ge−2φ , (1.10)
2
the scalar Lagrangian, R(H, d), which was called “generalized scalar curvature” in [11], is given by
R(H, d) = HAB (4∂A∂Bd− 4∂Ad∂Bd+ 18∂AHCD∂BHCD − 12∂AHCD∂CHBD)
+ 4∂AHAB∂Bd− ∂A∂BHAB .
(1.11)
All the spacetime indices, A,B,C, · · · , are O(D,D) vector indices which can be raised or lowered by the
constant O(D,D) invariant metric, η in (1.8).
As a field theory counterpart of the level matching condition in the closed string theory, it is required
that, all the fields in double field theory as well as all of their possible products should be annihilated by
the O(D,D) d’Alembert operator, ∂2 = ∂A∂A. For an arbitrary quantity, Φ, in double field theory, we
require
∂2Φ ≡ 0 . (1.12)
Replacing Φ by Φ1Φ2, we also have
∂AΦ1∂
AΦ2 ≡ 0 . (1.13)
These constraints, which we shall call ‘the level matching constraints’ henceforth, mean that the Fourier
or momentum modes form a null space, with respect to the O(D,D) metric. Hence, the theory is not truly
doubled: there is a choice of coordinates (x′, x˜′), related to the original coordinates (x, x˜), by an O(D,D)
rotation, in which all the fields do not depend on the x˜′ coordinates and the momentum null space consists
of the Fourier modes conjugate to x′ only [14]. Note that throughout our paper, the equivalence symbol,
‘≡’, denotes the equality up to the level matching constraints, (1.12), (1.13).
One of the remarkable properties of the above double field theory action is that, upon the level matching
constraints, it reduces to (1.4), the well-known low energy effective action for closed string.
Manifestly the double field theory action as well as the level matching constraints are invariant under the
global O(D,D) rotation in a standard manner,
HAB(y) −→ LACLBDHCD(y′) , d(y) −→ d(y′) , (1.14)
where L ∈ O(D,D) and y′A is the rotated double spacetime coordinates, y′A = yBLBA. The previous
T-duality transformation (1.6) corresponds to the particular choice, L = T , mapping the domain of the
theory from the x-hyperplane to the x˜-hyperplane.
What is less obvious about the double field theory action (1.9) is that it possesses gauge symmetry,
which must be the case since, restricted on the x-hyperplane, the action (1.9) is nothing but a rewriting
of the effective action (1.4) while the latter surely enjoys both the D-dimensional diffeomorphism, xµ →
xµ + δxµ, and the gauge symmetry of the two form field, Bµν → Bµν + ∂[µΛν].
That is to say, while in the effective action (1.4) the gauge symmetry is manifest but T-duality is not,
in the double field theory action (1.9) it is quite the opposite.
3
Nevertheless, in Ref. [11], Hohm, Hull and Zwiebach showed, through direct, yet rather lengthy com-
putation1, that the double field theory action (1.9) is indeed invariant under the following gauge transfor-
mation,
δXHAB = XC∂CHAB + (∂AXC − ∂CXA)HCB + (∂BXC − ∂CXB)HAC ,
δXd = X
A∂Ad− 12∂BXB ,
(1.15)
where XA is a local gauge parameter, of which half corresponds to the D-dimensional diffeomorphism
parameter, δxµ, and the other half matches the one-form gauge parameter, Λν . The gauge parameter, XA,
is also supposed to obey the level matching constraints, (1.12), (1.13), together with other fields,
∂2XA ≡ 0 , ∂BXA∂BΦ ≡ 0 , (1.16)
such that the constraints are preserved under the gauge transformation, ∂2δXΦ ≡ 0.
Especially the gauge transformation of HAB can be identified as the generalized Lie derivative,2
δXHAB = LˆXHAB , (1.17)
which is defined for any field carrying the O(D,D) vector indices, such as scalars, vectors, tensors and
ordinary derivatives of them, by [11, 16]
LˆXTA1A2···An := XB∂BTA1A2···An +
n∑
i=1
(∂AiX
B − ∂BXAi)TA1···Ai−1BAi+1···An . (1.18)
By definition, the covariant tensors in double field theory follow the gauge transformation rule dictated by
the generalized Lie derivative,
δXTA1A2···An = LˆXTA1A2···An . (1.19)
Since the constant O(D,D) invariant metric is annihilated by the generalized Lie derivative, LˆXηAB = 0,
in Eq.(1.18) the lower vector indices, A1, A2, · · · , can be freely raised by the metric, η.
The commutator of the generalized Lie derivatives reads
[LˆX , LˆY ] = Lˆ[X,Y ]C + OˆX,Y , (1.20)
where [X,Y ]C denotes the c-bracket introduced by Siegel [9],3
[X,Y ]A
C
:= XB∂BY
A − Y B∂BXA + 12Y B∂AXB − 12XB∂AYB , (1.21)
1For another verification, see a work by Kwak [15].
2The transformation of the dilaton, d, can be also understood in terms of a modified generalized Lie derivative designed for
‘tensor densities’, as explained in section 2.4.
3Upon the level matching constraints the c-bracket reduces to the Courant bracket [17], as recognized in [13].
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and OˆX,Y is given by
OˆX,Y TA1A2···An
= 12 (X
B∂CYB − Y B∂CXB)∂CTA1A2···An +
n∑
i=1
(∂CYAi∂
CXB − ∂CXAi∂CY B)TA1···Ai−1BAi+1···An .
(1.22)
Thus, imposing the level matching conditions on the gauge parameters (1.16), OˆX,Y becomes trivial and
the gauge algebra is closed by the c-bracket [13],
[LˆX , LˆY ] ≡ Lˆ[X,Y ]C . (1.23)
It is straightforward to show that the c-bracket of two covariant vectors is also an covariant vector, upon
the level matching constraints [18],
δX
(
[X,Y ]A
C
) ≡ LˆX([X,Y ]AC) . (1.24)
In this paper, as the underlying mathematical structure of the double field theory, we propose a novel
differential geometry characterized by the existence of a O(D,D) symmetric projection. We introduce a
differential operator compatible with the projection, which, contracted with the projection, can be covari-
antized and may replace the ordinary derivatives in the generalized Lie derivative (1.18). In a systematic
fashion, we construct various gauge covariant tensors. In particular, we reformulate the double field theory
Lagrangian, R(H, d) given in (1.11), in terms of the curvature of our projection-compatible derivative.
Our formalism manifest both the gauge symmetry and the global O(D,D) symmetry.
Note added: After submitting the first version of this manuscript to arXiv, a related interesting work
by Hohm and Kwak appeared [36]. Their paper also addresses the underlying differential geometry of
the double field theory, yet technically differs from our approach, as they introduce a covariant derivative
whose connection is not a priori a physical variable of the double field theory.
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2 Differential geometry compatible with a projection
2.1 Projection
We start with an observation that the expression of HAB in (1.5) is the most general form of a 2D × 2D
matrix satisfying
HABHBC = δAC , HAB = HBA , (2.1)
and an additional condition that the upper left D ×D block of HAB is non-degenerate. This observation
provides a basic explanation why the transformation given byH → LHLt, L ∈ O(D,D), (1.14) leads to
the well-defined gauge transformation of each component field, gµν and Bµν , as prescribed by Buscher [3–
5]. The second observation to which we pay attention is that H leads to a projection,[
1
2(1 +H)
]A
B =
[
1
2(1 +H)
]A
C
[
1
2(1 +H)
]C
B . (2.2)
Motivated by the above observations, henceforth we focus on a projection, PAB , which satisfies both
the defining relation,4
P = P 2 , (2.3)
and the O(D,D)-symmetric property,
PAB = PA
CηCB = PBA . (2.4)
We might further demand that the upper left D × D block of 2P − 1 is non-degenerate, which would
eventually relate the projection to the generalized metric by P = 12(1 +H). One subtle implication of this
technical assumption of the non-degeneracy would be PAA = D, since Eq.(1.5) shows that H is traceless.
The conditions (2.3) and (2.4) alone do not necessarily fix the rank of P like that. Nevertheless, since
our main results in the present paper do not care about any particular value of the rank of the projection,
henceforth we simply focus on a projection, P , satisfying the two conditions (2.3) and (2.4) only.
Conceptually, we place emphasis on the symmetric projection, P , rather than the generalized metric, H.
Namely, in our formalism there is only one metric, η, that is the constant O(D,D) invariant metric used
for raising or lowering the vector indices.
With the complementary projection,
P¯ := 1− P = P¯ 2 , (2.5)
it follows that
∂APP = P¯ ∂APP , P∂AP = P∂APP¯ . (2.6)
4The positions of the matrix indices should be automatically understood, such that a matrix multiplication involves a contrac-
tion of one upper and one lower index.
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That is to say, if we force to impose a chirality on one free index of ∂AP , the other index automatically
acquires the opposite chirality. Therefore,
P∂APP = 0 , P¯ ∂APP¯ = 0 . (2.7)
Now let us consider a tensor, T˜A1A2···An , of which the jth index has a definite chirality: With a generic
non-chiral tensor carrying vector indices, TA1A2···An , it may be given by
T˜A1A2···An = (Pj)Aj
BTA1···Aj−1BAj+1···An , (2.8)
such that it satisfies the chirality condition for the jth index,
(Pj)Aj
BT˜A1···Aj−1BAj+1···An = T˜A1A2···An , (2.9)
where Pj denotes either P (chiral) or P¯ (anti-chiral). Taking a derivative of Eq.(2.9), we get
(Pj)Aj
B∂C T˜A1···Aj−1BAj+1···An = ∂C T˜A1···An − (∂CPj)AjBT˜A1···Aj−1BAj+1···An
= ∂C T˜A1···An + [∂CP (P¯ − P )Pj ]AjBT˜A1···Aj−1BAj+1···An
= ∂C T˜A1···An + [∂CP (P¯ − P )]AjBT˜A1···Aj−1BAj+1···An .
(2.10)
Motivated by this simple exercise,5 as a preliminary result, we may define a non-covariant ‘chirality pre-
serving derivative’, D′C , which acts on a generic (not necessarily chiral) tensor, TA1A2···An ,
D′CTA1A2···An := ∂CTA1A2···An +
n∑
i=1
Γ′CAi
B TA1···Ai−1BAi+1···An , (2.11)
where we set the connection to be
Γ′CAB := [∂CP (P¯ − P )]AB = −[∂CP (P¯ − P )]BA = −2(∂CPP )[AB] . (2.12)
5We may also consider a tensor, T˜A1A2···An , of which every index has a definite chirality such that
T˜A1A2···An = (P1)A1
B1(P2)A2
B2 · · · (Pn)An
Bn T˜B1B2···Bn ,
where for each ith component (i = 1, 2, · · · , n), Pi is either P (chiral) or P¯ (anti-chiral). Taking a derivative of this gives an
expression,
∂C T˜A1A2···An −
n∑
i=1
(∂CPi)Ai
B
T˜A1···Ai−1BAi+1···An = (P1)A1
B1(P2)A2
B2 · · · (Pn)An
Bn∂C T˜B1B2···Bn ,
which also suggests the form of D′C defined in (2.11).
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In our convention, the symmetrization and the anti-symmetrization of the superscript or subscript indices
are taken with the weight one, such that T(AB) := 12(TAB + TBA), T[AB] :=
1
2(TAB − TBA), etc.
With (2.6) one can check easily,
D′AηBC = 0 , D
′
APBC = 0 . (2.13)
Hence, the derivative preserves any existing chirality: for the chiral tensor, T˜A1···An , given in (2.8), we get
D′C T˜A1A2···An = (Pj)Aj
BD′C T˜A1···Aj−1BAj+1···Bn . (2.14)
However, under the gauge transformation (1.19), this derivative transforms non-covariantly: Straightfor-
ward computation shows, for an arbitrary generic tensor, TA1···An ,
(δX − LˆX)(D′CTA1···An) =
∑
i P¯Ai
D(∂C∂DX
E − ∂C∂EXD)P¯EBTA1···Ai−1BAi+1···An
+
∑
i PAi
D(∂C∂DX
E − ∂C∂EXD)PEBTA1···Ai−1BAi+1···An
+∂BXCD
′
BTA1···An ,
(2.15)
where the last term involving ∂BXCD′B vanishes thanks to the level matching constraint (1.13), yet the
others survive as nontrivial inhomogeneous terms. In order to cancel them, we need to add extra terms to
the connection of D′c, i.e. Γ′CAB in (2.12).6 The new connection we look for should be constructed from
the projection, and preserve any existing chiral structure of a tensor. Due to (2.7), there are essentially two
candidate pieces which we may add to the connection in (2.12): for the chiral index,
PD[A(P∂
DP )B]C = PD[A[P∂
DPP¯ ]B]C , (2.16)
and for the anti-chiral index,
P¯D[A(∂
DPP )B]C = P¯D[A[P¯ ∂
DPP )]B]C . (2.17)
Note that because of (2.6), imposing the same chiralities on A and B indices forces the remaining index,
C , to assume the opposite chirality.
6 In fact, the most general form of the connection satisfying the two conditions in Eq.(2.13) is given by
Γ′CAB + ΩC[AB] + (P − P¯ )A
D(P − P¯ )B
EΩC[DE] ,
where ΩCAB is arbitrary.
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2.2 Projection-compatible derivative
Based on the previous preliminary analysis, we define the following projection-compatible derivative, DC ,
which acts on a generic field carrying O(D,D) vector indices (not necessarily a covariant tensor) as
DCTA1A2···An := ∂CTA1A2···An +
n∑
i=1
ΓCAi
BTA1···Ai−1BAi+1···An , (2.18)
where the connection is
ΓCAB = [∂CP (P¯ − P )]AB − 2PD[A(P∂DP )B]C + 2P¯D[A(∂DPP )B]C
= [∂CP (1− 2P )]AB − PAD∂DPBC + (∂APP )BC + PBD∂DPAC − (∂BPP )AC
= 2P[A
DP¯B]
E∂CPDE + 2
(
P¯[A
DP¯B]
E − P[ADPB]E
)
∂DPEC .
(2.19)
This connection is a unique combination of the terms, (2.12), (2.16) and (2.17), to satisfy
ΓCAB + ΓCBA = 0 , ΓABC + ΓCAB + ΓBCA = 0 . (2.20)
Thanks to these two symmetric properties, all the ordinary derivatives in the definitions of the generalized
Lie derivative (1.18) as well as the c-bracket (1.21) can be now replaced by our projection-compatible
derivatives:
LˆXTA1A2···An = XB∂BTA1A2···An +
∑n
i=1(∂AiXB − ∂BXAi)TA1···Ai−1BAi+1···An
= XBDBTA1A2···An +
∑n
i=1(DAiXB −DBXAi)TA1···Ai−1BAi+1···An ,
(2.21)
and
[X,Y ]A
C
= XB∂BY
A − Y B∂BXA + 12Y B∂AXB − 12XB∂AYB
= XBDBY
A − Y BDBXA + 12Y BDAXB − 12XBDAYB .
(2.22)
Like (2.13), both the O(D,D) invariant constant metric and the symmetric projection are ‘constant’
with respect to the derivative:7
DAηBC = 0 , DAPBC = 0 . (2.23)
The derivative, DA, is compatible with the projection, such that, like (2.14), the derivative preserves any
existing chirality: As in (2.8) for
T˜A1A2···An = (Pj)Aj
BT˜A1···Aj−1BAj+1···An , (2.24)
7Since the connection is so(D,D) valued as ΓCAB = −ΓCBA, the Levi-Civita symbol, ǫA1A2···A2D , is also constant with
respect to the derivative, DBǫA1A2···A2D = 0.
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we note
DC T˜A1A2···An = (Pj)Aj
BDC T˜A1···Aj−1BAj+1···Bn . (2.25)
Under an arbitrary infinitesimal transformation of the projection satisfying from (2.7)
δP = PδP P¯ + P¯ δPP , (2.26)
the connection transforms as
δΓCAB = 2P[A
DP¯B]
EDCδPDE + 2(P¯[A
DP¯B]
E − P[ADPB]E)DDδPEC
− ΓFDE δ(PCFPADPBE + P¯CF P¯ADP¯BE) .
(2.27)
Especially under the gauge transformation (1.17), (1.19), the connection transforms as
(δX −LˆX)ΓCAB ≡
(
PA
DPB
EPC
F + P¯A
DP¯B
EP¯C
F − δADδBEδCF
)
(∂F∂DXE −∂F∂EXD) , (2.28)
such that our projection-compatible derivative transforms as(
δX − LˆX
)
DCTA1A2···An ≡ 2
n∑
i=1
(
PAi
DPB
EPC
F + P¯Ai
DP¯B
EP¯C
F
)
∂F∂[DXE]TA1···Ai−1
B
Ai+1···An .
(2.29)
In comparison with (2.15), the main difference here is that all the vector indices of the lefthand side of
(2.29) appear through the projections on the righthand side. Thus, the following two quantities are gauge
covariant tensors,
PC
DP¯A1
B1P¯A2
B2 · · · P¯AnBnDDTB1B2···Bn ,
P¯C
DPA1
B1PA2
B2 · · ·PAnBnDDTB1B2···Bn .
(2.30)
Namely, combined with the projections, our projection-compatible derivative, DA in (2.18), gives rise to
covariant derivatives.
For later use, it is worth while to note that the successive use of (2.29) gives
(δX − LˆX)DADBTC1C2···Cn
≡ 2 (PADPBEPFG + P¯ADP¯BEP¯FG)∂D∂[EXG]DFTC1C2···Cn
+
∑
i 2
(
PCi
DPF
GPB
E + P¯Ci
DP¯F
GP¯B
E
)
(DA∂E∂[DXG])TC1···Ci−1
F
Ci+1···Cn
+
∑
i 2
(
PCi
DPF
GPB
E + P¯Ci
DP¯F
GP¯B
E
)
∂E∂[DXG]DATC1···Ci−1
F
Ci+1···Cn
+
∑
i 2
(
PCi
DPF
GPA
E + P¯Ci
DP¯F
GP¯A
E
)
∂E∂[DXG]DBTC1···Ci−1
F
Ci+1···Cn .
(2.31)
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2.3 Curvature
The commutator of the projection-compatible derivatives (2.18) reads
[DA,DB ]TC1C2···Cn = −ΓDABDDTC1C2···Cn +
n∑
i=1
RCiDAB TC1···Ci−1
D
Ci+1···Cn , (2.32)
where, from (2.20), ΓDAB = ΓABD−ΓBAD corresponds to the torsion and RCDAB is the curvature given
by, following the standard convention in Riemannian geometry,
RCDAB := ∂AΓBCD − ∂BΓACD + ΓACEΓBED − ΓBCEΓAED
= DAΓBCD −DBΓACD + ΓEABΓECD + ΓACEΓBDE − ΓADEΓBCE .
(2.33)
This curvature is anti-symmetric for the first two and also for the last two indices respectively,
RCDAB = R[CD][AB] . (2.34)
From (2.23) and (2.32), it follows that
PC
EREDAB = PD
FRCFAB . (2.35)
In particular,
PC
EP¯D
FREFAB = 0 . (2.36)
The Jacobi identity,
[DA, [DB ,DC ]] + [DC , [DA,DB ]] + [DB , [DC ,DA]] = 0 , (2.37)
yields
R[A
D
BC] +D[AΓ
D
BC] + Γ
D
E[AΓ
E
BC] = 0 , (2.38)
and
D[AR
DE
BC] +R
DE
F [AΓ
F
BC] = 0 . (2.39)
Contracting some of the vector indices, the latter leads to an identity,
DA(R
AB − 12ηABR) = 12RCDABΓACD −RCDΓDCB , (2.40)
where RAB − 12ηABR is reminiscent of the familiar Einstein tensor. Note that throughout our paper we
set, following the standard convention,
RAB := R
C
ACB , R := R
A
A = R
AB
AB . (2.41)
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Unlike the Ricci curvature in the ordinary Riemann geometry, our RAB is not symmetric,
RAB 6= RBA . (2.42)
Further, we define as for a key quantity in the presentation of our main results later ( cf. [9] ),
SABCD :=
1
2
(
RABCD +RCDAB − ΓEABΓECD
)
, (2.43)
which satisfies, with (2.38), all the symmetric properties of the standard Riemann curvature,
SABCD = S[AB][CD] , SABCD ≡ SCDAB , SA[BCD] = 0 , (2.44)
as well as, from brute force computation,
PA
EP¯B
FPC
GP¯D
HSEFGH ≡ 0 , PAEPBF P¯CGP¯DHSEFGH ≡ 0 . (2.45)
In fact, if one computes the commutator of the generalized Lie derivatives, in terms of the projection-
compatible derivatives (2.21), one obtains
(
[LˆX , LˆY ]− Lˆ[X,Y ]C − OˆX,Y
)
TA1A2···An =
n∑
i=1
6SAi[BCD]X
BY CTA1···Ai−1
D
Ai+1···An , (2.46)
of which the right hand side vanishes, due to the latter identity of (2.44), such that the result is consistent
with (1.20). It follows from (2.45) that, if we set
FABCD :=
(
PA
EPB
F P¯C
GP¯D
H − P¯AEP¯BFPCGPDH
)
REFGH , (2.47)
then FABCD also satisfies the two symmetric properties,
FABCD = F[AB][CD] , FABCD ≡ FCDAB . (2.48)
Either through direct calculation or alternatively by considering the gauge transformation of (2.32)
with (2.31), one can obtain the gauge transformation of the curvature,
(δX − LˆX)RCDAB ≡ −2ΓECD∂E∂[AXB]
+PC
EPD
F
(
PGHΓ
H
AB + P
G
BDA − PGADB
)
2∂G∂[EXF ]
+P¯C
EP¯D
F
(
P¯GHΓ
H
AB + P¯
G
BDA − P¯GADB
)
2∂G∂[EXF ] .
(2.49)
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This result implies
(δX − LˆX)SABCD
≡ − (PAEPBFP[CGDD]+ PCEPDFP[AGDB]+ P¯AEP¯BF P¯[CGDD]+ P¯CEP¯DF P¯[AGDB]) 2∂G∂[EXF ] ,
(2.50)
such that, contracting some indices as
SAB := S
C
ACB = SBA = R(AB) − 12ΓCDAΓCDB , (2.51)
and
S := SAA = S
AB
AB = R− 12ΓABCΓABC , (2.52)
we have
(δX − LˆX)SAB
≡ (P(ACPB)DPEFDF − PCEP(ADDB) + P¯(ACP¯B)DP¯EFDF − P¯CEP¯(ADDB)) 2∂C∂[EXD] ,
(2.53)
and
(δX − LˆX)S ≡ 4
(
PCDPAB + P¯CDP¯AB
)
DA∂C∂[BXD] . (2.54)
In general, under any infinitesimal transformation of the connection, which may be given by (2.27),
SABCD transforms as
δSABCD = D[AδΓB]CD +D[CδΓD]AB . (2.55)
2.4 Generalization to tensor densities and dilaton
In this subsection, we consider the following modification of the generalized Lie derivative,
L˜XTωA1A2···An := LˆXTωA1A2···An + ω∂BXBTωA1A2···An
= XB∂BTωA1A2···An + ω∂BX
BTωA1A2···An +
n∑
i=1
2∂[AiXB]TωA1···Ai−1
B
Ai+1···An ,
(2.56)
where ω is the weight of each field, TωA1A2···An . Letting this be the gauge transformation of the field,
δXTωA1A2···An = L˜XTωA1A2···An , (2.57)
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the field, TωA1A2···An is identified as a tensor density with weight, ω. The aforementioned covariant tensors
then have the weight zero.8
Like (1.23), up to the level matching constraints, the commutator of them is still closed by the c-bracket
(1.21),
[L˜X , L˜Y ] ≡ L˜[X,Y ]C , [X,Y ]AC = XB∂BY A − Y B∂BXA + 12Y B∂AXB − 12XB∂AYB . (2.58)
Furthermore, with the projection-compatible derivative, DC in (2.18), if we set
∇CTωA1A2···An := DCTωA1A2···An − ωΓBBCTωA1A2···An
= ∂CTωA1A2···An − ωΓBBCTωA1A2···An +
∑n
i=1 ΓCAi
BTωA1···Ai−1BAi+1···An ,
(2.59)
like (2.21), all the ordinary derivatives in the definition of the modified generalized Lie derivative (2.56)
can be replaced by ∇C ,
L˜XTωA1···An = XB∂BTωA1···An + ω∂BXBTωA1···An +
∑n
i=1 2∂[AiXB]TωA1···Ai−1
B
Ai+1···An
= XB∇BTωA1···An + ω∇BXBTωA1···An +
∑n
i=1 2∇[AiXB]TωA1···Ai−1BAi+1···An .
(2.60)
Since the dilaton, d, is the logarithm of a scalar density with weight one (1.10),
d = −12 ln
(√−ge−2φ) , (2.61)
from the consideration,
∇Ae−2d = (−2∇Ad)e−2d , (2.62)
the definition of ∇Ad follows naturally,
∇Ad := ∂Ad+ 12ΓBBA . (2.63)
Like (2.60), all the ordinary derivatives in the gauge transformation of the dilaton given in (1.15) can be
replaced by ∇C ,
δXd = X
A∂Ad− 12∂BXB = XA∇Ad− 12∇BXB . (2.64)
8As the covariant tensors have the trivial weight, one might wish to unite L˜X with LˆX , and use a single symbol for the Lie
derivative. However, it appears that keeping them separately provides less confusing notation, especially for the higher order
derivatives of the dilaton. For example, in our convention,
DA∇Bd = ∂A∇Bd+ ΓAB
C
∇Cd .
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For later use, we note
(δX − LˆX)∇Ad ≡
(
PA
BPCD + P¯A
BP¯CD
)
∂C∂[DXB] , (2.65)
and
(δX − LˆX)DA∇Bd = (δX − LˆX)(∂A∇Bd+ ΓABC∇Cd)
≡ 2 (PACPBDPEF + P¯ACP¯BDP¯EF ) (∇Ed) ∂C∂[DXF ]
+
(
PB
DPEF + P¯B
DP¯EF
)
DA∂E∂[FXD] .
(2.66)
3 Gauge covariant tensors: summary
In summary, assembling all the jigsaw puzzle pieces obtained above, the following quantities are gauge
covariant, O(D,D) tensors, in addition to the c-bracket (1.24).
• For a generic gauge covariant tensor, TA1A2···An , recalling Eq.(2.30),
PC
DP¯A1
B1P¯A2
B2 · · · P¯AnBnDDTB1B2···Bn , (3.1)
P¯C
DPA1
B1PA2
B2 · · ·PAnBnDDTB1B2···Bn . (3.2)
• For a gauge covariant vector, VA,
PAB(DA − 2∇Ad)VB , (3.3)
P¯AB(DA − 2∇Ad)VB . (3.4)
Or equivalently, with HAB = PAB − P¯AB ,
(DA − 2∇Ad)V A , (3.5)
HAB(DA − 2∇Ad)VB , (3.6)
which may be viewed as gauge covariant divergences of the vector.
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• Second order derivatives:
PABP¯C1
D1 · · · P¯CnDn [DADBTD1···Dn − 2(∇Ad)DBTD1···Dn ] , (3.7)
P¯ABPC1
D1 · · ·PCnDn [DADBTD1···Dn − 2(∇Ad)DBTD1···Dn ] . (3.8)
• Higher order derivatives with gauge covariant vectors, V1, V2, · · · , Vm, and a tensor, T :(
m∏
i=1
V Bi PB
CDC
)
P¯A1
B1P¯A2
B2 · · · P¯AnBnTB1B2···Bn , (3.9)(
m∏
i=1
V Bi P¯B
CDC
)
PA1
B1PA2
B2 · · ·PAnBnTB1B2···Bn . (3.10)
• Gauge covariant tensor with two vector indices:
RAB := PACP¯BD
(
SCD + 2D(C∇D)d
)
, (3.11)
which is comparable to the Ricci curvature in ordinary differential geometry.
Direct computation, using (A.11), (A.12)9 shows that the expression inside the bracket, i.e. SAB +
2D(A∇B)d, coincides with “KAB” given in Eq.(4.49) of Ref. [11]. With the decomposition, RAB =
R(AB)+R[AB], the symmetric part,R(AB), then corresponds to what was called “generalized Ricci
curvature” in Ref. [11].
• Gauge invariant scalar:
R := HAB (4DA∇Bd− 4∇Ad∇Bd+ SAB) ,
≡ 2PAB (4DA∇Bd− 4∇Ad∇Bd+ SAB) ,
≡ −2P¯AB (4DA∇Bd− 4∇Ad∇Bd+ SAB) ,
(3.12)
which is comparable to the scalar curvature in ordinary differential geometry. Here, the equiva-
lence relations are due to the level matching constraints (1.12), (1.13), implying the triviality of the
following quantity,
4DA∇Ad− 4∇Ad∇Ad+ S ≡ 0 . (3.13)
Direct computation confirms that the gauge invariant scalar, R in (3.12), coincides with R(H, d)
(1.11) first found in [11]. Hence, after integration by part, we may rewrite the double field theory
action (1.9) in a compact form,
SDFT =
∫
dy2D e−2dR =
∫
dy2D e−2dHAB (4∇Ad∇Bd+ SAB) , (3.14)
9And also with the help of the computer algebra system, Cadabra, developed by Kasper Peeters [19, 20].
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of which the infinitesimal transformation induced by arbitrary δd and δPAB follows from utilizing
(2.26), (2.27), (2.55),
δSDFT =
∫
dy2D 2e−2d
[
δPAB
(
SAB + 2D(A∇B)d
)− δdR ] . (3.15)
This confirms the result [11] that the equations of motion for the dilaton and the projection areR = 0
and R(AB) = 0, respectively.
4 Comments
In this paper, we have developed a novel differential geometry which is compatible with a O(D,D) sym-
metric projection, in order to analyze systematically the underlying mathematical structure of double field
theory. We expect our main results, summarized in section 3, may provide useful framework for future
study on T-duality, such as for the inclusion of fermion, see e.g. [21–25], Ramond sector [26], non-
commutativity [27], the beta functions of double space sigma model [28, 29], as well as for the higher
derivative corrections to the low energy effective action, (1.4), (1.9), as in [30–33]. The generalization of
our formalism to M-theory is also of interest [34].
Since our connection in the projection-compatible derivative is so(D,D) valued, ΓCAB = −ΓCBA, one
might wonder whether the global O(D,D) rotation group is a subgroup of the gauge group, or whether
the T-duality is a gauge symmetry of the double field theory [35]. Yet the answer is negative, as discussed
in [14] and also explained further here: First of all, to allow for an infinitesimal transformation, we restrict
our remaining discussion to the SO(D,D) global rotation. As for the original discrete T-duality rotation
matrix, T in (1.7), since det T = (−1)D, only in the case of D being even, T belongs to SO(D,D). In
fact, as
T =
 0 1
1 0
 = exp
π
2
 ǫ −ǫ
−ǫ ǫ

 , (4.1)
where ǫ is a D ×D skew-symmetric matrix of the familiar form:
ǫ =
 0 1
−1 0
 . (4.2)
Generally, infinitesimal so(D,D) parameter is given by a constant matrix, hAB, satisfying the anti-
symmetric property, hAB = −hBA. Under this infinitesimal so(D,D) rotation, the doubled spacetime
coordinate transforms in a standard manner,
yA −→ yA + δhyA , δhyA = yBhBA , (4.3)
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while the transformations of HAB and d read, from (1.14),
δhHAB = hACHCB + hBCHAC + δhyC∂CHAB , δhd = δhyC∂Cd . (4.4)
Clearly, δhHAB 6= LˆδhyHAB, and hence the so(D,D) rotation is not a gauge symmetry. In fact, since
the local gauge parameter should satisfy the Level matching constraint (1.16) along with other covariant
tensors in the theory which have dependence only on a D-dimensional hyperplane,
∂CX
A∂CTB1B2···Bn ≡ 0 , ∂2TB1B2···Bn ≡ 0 , (4.5)
the gauge symmetry parameter must be subject to the choice of the hyperplane. Note that while
∂2
(
δhTB1B2···Bn
)
≡ 0 , ∂2
(
LˆXTB1B2···Bn
)
≡ 0 , ∂2
(
δhLˆXTB1B2···Bn
)
≡ 0 , (4.6)
we have
∂2
(
LˆXδhTB1B2···Bn
)
6= 0 . (4.7)
Similarly, while the commutator between the infinitesimal so(D,D) rotation and the generalized Lie
derivative generating the local gauge symmetry is again given by a generalized Lie derivative,
[δh, LˆX ] = LˆY , Y A = yBhBC∂CXA −XBhBA = δhXA , (4.8)
generically LˆY does not generate any symmetry of the double field theory, as the parameter, Y A, does not
necessarily meet the level matching constraint (1.13),
∂CY A∂CTB1B2···Bn ≡ hCD∂DXA∂CTB1B2···Bn 6= 0 . (4.9)
To summarize, as the O(D,D) transformation rotates the entire hyperplane on which the double field the-
ory fields live, it corresponds to a priori a duality, and only after dimensional reduction is taken it may
become a symmetry of the action.
We conclude by commenting that, in double field theory, the differential geometry with a O(D,D)
symmetric projection on a ‘flat’ doubled spacetime contains intriguingly the Riemann geometry on the
‘curved’ D-dimensional hyperplane.
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A Useful relations
Here we write some useful identities. Under the gauge transformation of a tensor (1.19), the ordinary
derivative of a generic tensor, TA1A2···An , transforms as
(δX − LˆX)∂CTA1A2···An = ∂BXC∂BTA1A2···An +
∑
i=1
(∂C∂AiX
B − ∂C∂BXAi)TA1···Ai−1BAi+1···An .
(A.1)
Especially for the projection, P , we have
(δX − LˆX)∂CPDE = ∂BXC∂BPDE + (∂C∂DXB − ∂C∂BXD)PBE + (∂C∂EXB − ∂C∂BXE)PDB ,
(A.2)
such that
(δX − LˆX)(P∂CP )DE = ∂BXC(P∂BP )DE + 2∂C∂[AXB]PDBP¯EA ,
(δX − LˆX)(∂CPP )DE = ∂BXC(∂BPP )DE − 2∂C∂[AXB]P¯DBPEA ,
(A.3)
and
(δX − LˆX)PCF (P∂FP )DE = PCF∂BXF (P∂BP )DE − 2PCFPDAP¯EB∂F∂[AXB] ,
(δX − LˆX)P¯CF (∂FPP )DE = P¯CF∂BXF (∂BPP )DE + 2P¯CF P¯DAPEB∂F∂[AXB] ,
(δX − LˆX)
[
∂CP (P − P¯ )
]
DE
= ∂BXC
[
∂BP (P − P¯ )]
DE
+ 2
[
PD
AP¯E
B + P¯D
APE
B
]
∂C∂[AXB] .
(A.4)
In particular, the gauge transformations of (2.16) and (2.17) are
(δX − LˆX)PD[A(P∂DP )B]C = ∂DXEPE[A(P∂DP )B]C + PADPBEP¯CF∂F∂[DXE] ,
(δX − LˆX)P¯D[A(∂DPP )B]C = ∂DXEP¯E[A(∂DPP )B]C − P¯ADP¯BEPCF∂F∂[DXE] .
(A.5)
For the connection (2.19), we have
(δX − LˆX)ΓCAB
= ∂DXE
[−δEC [∂DP (P − P¯ )]AB − 2PE [A(P∂DP )B]C + 2P¯E [A(∂DPP )B]C]
− (δADPBEP¯CF + PADP¯BEδCF + P¯ADδBEPCF ) (∂F∂DXE − ∂F∂EXD)
= ∂DXE
[−δEC [∂DP (P − P¯ )]AB − 2PE [A∂DPB]C + 2δE [A(∂DPP )B]C]
+
(
PA
DPB
EPC
F + P¯A
DP¯B
EP¯C
F − δADδBEδCF
)
(∂F∂DXE − ∂F∂EXD)
≡ (PADPBEPCF + P¯ADP¯BEP¯CF − δADδBEδCF ) (∂F ∂DXE − ∂F∂EXD) .
(A.6)
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Especially, up to the constraint, we get
(δX − LˆX)ΓBBA ≡ ∂A∂BXB +
(
PA
BPCD + P¯A
BP¯CD
)
2∂C∂[DXB] ,
PA
DPB
E(δX − LˆX)ΓCDE ≡ −2PADPBEP¯CF∂F∂[DXE] ,
PC
FPA
D(δX − LˆX)ΓFDB ≡ −2PCFPADP¯BE∂F∂[DXE] .
(A.7)
For the projection-compatible derivative of a generic tensor, we have(
δX − LˆX
)
DCTA1A2···An
= ∂DXCD
′
DTA1A2···An + 2
∑
i ∂DXE
[
PE [B∂
DPAi]C + δ
E
[Ai(∂
DPP )B]C
]
TA1···Ai−1
B
Ai+1···An
+ 2
∑
i
(
PAi
DPB
EPC
F + P¯Ai
DP¯B
EP¯C
F
)
∂F∂[DXE]TA1···Ai−1
B
Ai+1···An
≡ 2∑i (PAiDPBEPCF + P¯AiDP¯BEP¯CF ) ∂F∂[DXE]TA1···Ai−1BAi+1···An .
(A.8)
From (2.53), we obtain
(δX − LˆX)
(
PA
CP¯B
DSCD
) ≡ − (PEFPAGP¯BCDC + P¯EF P¯BGPACDC) ∂E∂[FXG] . (A.9)
From the symmetric properties of the connection (2.20), we get
ΓABCΓ
ABC = 2ΓABCΓ
BAC . (A.10)
In order to see that our results agree with Ref. [11], it is useful to write explicitly,
ΓCAB =
1
4HBD∂DHAC + 14HCD∂AHDB + 12HAD∂CHDB − 14HAD∂DHBC − 14HCD∂BHDA ,
(A.11)
and
PA
CP¯B
DΓEF (CΓD)EF ≡ −18PACP¯BD∂CHEF∂DHEF ,
PA
CP¯B
DΓEF (CΓ
EF
D) ≡ PACP¯BD
(
1
2∂EHF (C∂D)HEF − 12∂EHFC∂FHED
)
,
PA
CP¯B
DΓEF (CΓ
FE
D) ≡ PACP¯BD
(
1
2∂EHF (C∂D)HEF − 12∂EHFC∂FHED − 18∂CHEF∂DHEF
)
.
(A.12)
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